Numernical Methods for farha) Differentia) Equahons - ODEs

1 The monon of g non- Frichong) pendulum 15 governed by the Ordtmnj differenndl equation (0DE)

e, 9,. o
i L

wWhere @ 1 the angular displacement, L= fm 15 the perdulum lengtn and the graviny

qcelerahon 15 g = 4 mls"
The posihon and velodiry at hime = 15 are kmwn;

N = 04 mod, %m = o radfs

a) Solve the inhal boundqra Value problem in the inferval (g p) usina a second -order

RU“SE" KU'H'Q me.d'hod o d%'\'erminﬁ the inifnal PQSIhD'n qf F= o s

» With 2 and 4
fime, steps.

b) Us'mﬂ the qpproximahiong obluined in ), Compute an approximahon

of the relanve error
In the solution Computed with 2 steps,

O Propose q himg, step h to obfain gn approximahion with q relatve error Haree, orders
oF magnitude Smaller.

Soluhon - (q)
Q

Rewaite the, Second~ordey srdinary differenng| equahon as q system of huo firsr_order ODEs

j‘f = S 8C1) = 0.4
ds - .9 )
dt - ° Sty = 0

3.11 = Y _2(](|+ klj wi th kl

= f{,hs,) and kz:f‘;h*h;‘d,*hh)



soluhon - () cont.

SO"V‘“‘% the, system of fiest -oder ODES b:, the, dt‘mnd ~order Runﬂcﬂwﬂq methoc[
L
d‘-}‘[ = g + hl"\} Rl ('b"'i hb‘,)} B J| t ;[:th'i‘ljS,

| -9 —-8 & = "‘ihg "§.h) : Nhﬂrﬁ, = q, :_.
? Lﬁ£8| [.(9, —L‘hel)] \Si 2 L(Z - 8\ 8 SqL 1

1

Sm = S-I +

Solve the system with 2 hme steps with h=as

o )
Assumg, 8C0) =0, s) =-04

B, = @+ 0.25(25)s, = -0,06
S1 % S 11054, = =0

9, = 9,+¢ 0"15(1\5)31 = -0115
S = S+ R1038, = -0,54406

Assume, 8 (" = 0.4 , s = 0

9, = 9, 0.15029)5, = 0.4

51 = S5 + %1059, XX V)
B, = %1t 06188, = 211605
= §.6%8%

Sy = Syt 11090,

Use secant method to Find next initial canditions .

) (€))]
slope, = 84 - o) L L
50 - s 0 %041
) !
o @ | 8- Q2B 53599
so . = ST+ ————— e = 0t T .
Sope, = 2™ pmasyons 5.353109
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Solufion — (ay conf

) ()]
Assume, 80 = 02310 5 SO = - 001§

0, = 0, 20%F 5 §g = 0, 0%L3)

9, = 024502 o, §, = 0.20%%
8= 030350 , § = 0,346
8,5 040000, S4 = 0.9103%
The inihal posfhof) at t:0 fom ustn8 2 hme steps 1§ 0.09125 rad

The inihal poﬁﬂjmn at T=0 ﬁom usiqa 4+ hme SWPS 15 0.2, Tﬂq.

Soluhon - ) Use the values from Wsing + hme steps S referene

At b=0, m\uh‘v@ error = 0, 09109~ 0,2315)

- 0. 607156
0,2315
AP F0S,  velahwe e = 0, 04301- 0.3030 - 0.85%30
0.30351
Solution - €Y

We are, USEQS *}E second-ordey me\ho(l. Thq" me,qns '“76 \oeal Yup cabion erroy 1 N
tre, order of @b,

local exrges By = Ch™ Nhere p= 2 jn. this cqsg, |

Ervor under @ prescribed blerana: By < (P < Fop

'—°0kiﬂa for q Yelghve 'evvor three orders of mclahn‘udg Smaller Eh‘ = 1th

¥ 3
E _ [ (—h*) 1
Ep echy? 2
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2. Consider e iqila) valyg, problem

dy
dx

= abx’“ﬁ-q‘ ¥ 6o, 1)

Yooy = |
a) Solve the iniFial valyg problem using h Euler method with Srep ho= 02
X . , ) ‘ o L st 13
by Compute the solabien using the Heun mefhod wih g siep D such 10aF frg, computaioaal cosT 1>

ggavalent fo e Compurfienal cost in 9

gl valug p(ob\em is q second dasr% PD'}}QD‘“M)

Note, that the analyiical slahion of e in
\gnomial that fifs. fe results 10 b)

() Compute the pure inferpolahon po
the, results obfaingd ' 4)?

n imah i Compute
d) Which gpproximafion Crifencn b you recommend o fit p
criterion and compare Fhe results min he

The, poighomial QPP{'O\UMth(\ with the proposec]

pmj-n'am\q] obraingd in Q)

solukion - (@)
The decivative funchion fo .90 = Y - L+

The Euler merhod 18 given by

Yy = Ot hicx ,9)  where h =019

For the first step =0

g, + 023 ECsB0) = B ¥ 0,25 (-5 *1)

%

1+ 0 (1- 01

"

< 9

For the se.cond  Step =1

¥, = Wt 0.05 X9 = 51*“-15(31_X‘L*1)

2
25+ 025 (15 -015 1)

= 21091

For the third slep 1=2

4y = 9, t 0.5t (X2,97) Y, + 0.25 (Y, - Xtﬂ]

"

9109335 + 0.25 (2109335 - 0.5+1)

2.52419335




g0 luhon - (a) cont.

For the {ourth h\v,\* [N

z .
25 (Yq - %5 +Y)
Yy 0.05 1 (Xg,Y43) Uy ! 025 (Y5~ %o

Vs

Z
) ga414335 + 0.25(28219335 - 0D +1)

© 363908

soluhon - A0

The compytational cost 1S .
st = NN = Ntk

whece, Ne = number OF evaluahions of Tupchon T per Srep

N = number of timg steps
t = final Hme
h o= slep size
Thatfore,) To compaye, e Euler and Heun metnods ot e sume Cemputanomal Cost

G hme Step hwice gg ‘Ulﬂk‘. must be used for Heun S Euler method requices jast

one evalutition o £ per Step whie the Heun method reguires o,

The Heun mernod s given bL&

Yo = Y t t;__u(.léfkﬂ Wit ks F X,y and k= Fog e,y thiy)

Applying the Heun method to FIS problem with 2 tme steps whee h= 0.9

For the Rvst slep ,  We  have
3 = Yo

wheee, ko= T0G, Y0

0.29 (Kt k)

-+

BD“X:H

o

(1]

2
1= 0 1 = 92




SoluHon —Cby cont.

k, = T (X109, Yo+ro5ky)

Yy *

For the second step
d =

where,

Subshlubing K, |,
b T

-

(4, +0.5K) = (¥o10.5) *

219

-

P
(140500 - 05 )

SUbsﬁhxﬁho& ko5 Ky and Y,

4o+ 0.05(2+2.%)

2.1%19

, We have

Y, ¥ 0250k thy)

(i

Ky = FOX, Y0

"

-

—

= 21835 - 0.5 + 1 2.9319

k, = TOG+0.3, Y4,+0,5K)
2
= Udﬁr 0.5%) - U(1’r05-] ¥
= 3.69619
and 4,

Y, +025(293%5 1 3.65625)

3.3359339



soluhion - €O)

From Heun method, we  gef

X 9
0 1
05 218785
1 3.8359315

Suppose that Ihe Inter polalion po\dnomm\ 15 1n the, form

prn = QX+ A+ dg
At each data point X
pUXiy = W

Then we cin obain q- System of linedr equakions in the, mahay form

‘x“)l xD ‘I q?_ ‘] ‘jO
Xy X ! O S
)(:_- Xl 1 I qo - \31

v 0 | vy 1
025 05 1 q, | = | 2B
Co 1) LG 39353

09219

11

Selving the matix yiedds Qo= 1 9, = ¢y

Therefort, . e, polyromiy) fithing the resulis 10 © 1

Y = 0,929y 4 1LY+ |
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-

3. The ordmt\r‘j di Fferential equation

éi = fon)

dx
is dehned over the domain €o,1) 4nd s To DO solved n\xme-n(,q\\\xj Subjedt o the iningl condy hon
4o =1, Wherg yu 18 e exdd soiho. The foward Ealer mermd for inteqranng rhe abore
differenhnal eguabion- 15 Watten s

Yo = Yo ¥ ho L Y0)

where Y, denotes the disorefe soluhon ab node i, with posinon %, fof 4 uniforen grid ot nodes
of constant qnd interval size hoand %, = %O

a) Using @ Taglor Series expunsion, deduce the leading hrancahion error 0 the KXheme. Ts Fng, merod
consistenf? Explain yoar answer.

b) Stufe the beckwdrd Tuler mefhod for \n’re,amh'nj fhe bove, differennal equahon where F §)
15 q genecal mon- lingar funchon oF % dnd §

) Deduce e ﬁqbi\\r_ﬁ himits of the respetive forwad Euler method and backward Euler mermd  for
the model equanon dyjdx = -y wherd A is q posinve real constant,

dy Use the backward Euler method fo compulbe the numerica) solufion of the orqurj differen ha)
ggugnon
| &-i < -25y”
with Toifial condinon 4o =1, by nand for hwo sreps with gnd infera) size h=1/10.
(Use 2 Newron irecahons per sep for ‘rhr; Calaulahon
g) Use the fprward Euler method To compute the numencal solahion of Yhe abog ordmal'j differenhiy)
gquahen with Same ininal condifion by hand for Two Sieps mirh gnd inferval size b= 1.

) The anglyrcal soluhon is

4o = (1—"—5";—*1)

Using M odes N -
0 Aafldb codes , Indicale the maymam stable inferva) size possible for forward Euler metnod

{Tﬂm mb FO\\O‘UH‘S“. n; 1“0) h_' 1‘13 ) h‘: ‘lb : h:’ ”49) , h:: 'ﬂf‘{) dow (bfab yodf l;h\}\(nﬁ Comp"'lm
with e, mhlhhj wndihon’



seluhon - (a)

Wrire Taylor seres expansion for i using node i as the base poinf
, . w ) ) _JL n_ m v
Vi = Yot DYoo « e o LAY S0,
Solvmg for Yo, X))
' Yin = X

Yox ) - - ;hw"cmﬂm + ochh

There fore,, fruncation error i %_-h‘f"(“i i)

. i consistent.
As b qoes fo zero | the fruncatien eror vanishes, Therefort, The mefbed o

soluhon - (b)

The backward Euler method can be writhen as

Yiegy = Y h?(x’m,‘fi-ﬂ)

Solukon - ¢y
For the forward Euler method
Yoy = Yo+ hfox, v
Considering fex, gy = Ay gives

Yi+1 = Y+ h(“‘?\‘fi]

"

(1-2hYy;

Therefoe, the amplificahon facter G = 1=2h

The method 15 stuble iF 161 <1 | whigh i
[1-2h]< 1

1< -2k <

The, right- hand me%uqma >0 s dways sahshed Sine A is posihve redl constunt.

The: left- hand ma(guuhl-a ah < 9 requires that  h < -;—

“)Gl’ﬁf‘()fg, the forward Euler method 15 gond\honq\\\i stable. It is stable (m}Y when h <~;—



\\“I\!h"\” - (0) k”'l\\
For Yhe backward Fuler ‘M.Hmt‘
YH\ Y h'l('\-",w_"{,.‘l )

i:“i!'—llh’,nl\\‘ Yo X, 1) r/)l‘J ‘Jl\fﬂ\',

\

T ARLICVA TS
g : AL
1+ Ah
. , 1
There fore,, the, L\I‘n‘.\hh(uhun faclor 6 =

1420

The mefhod 15 shgble iF 161 <1 which 15 tug for qll values of Ak,

Tre backward Euler method 16 Ur!wndllvlgnu“ﬂ shable,.

sojution - )

(\,un‘,ldmmﬁ the, uulmura diFterenhial e(kuqhmn

(|3 3.5

= =20l with o) = |
o vJ hat

Ubll\\kj the backward Euler method with gnid intewal size h = 11—0
3.9
Step 1 Yy o= Yo+ h(-29%7)

.
,o= 1-25Y,"

Use, 2 Newten iterations Yo selve for Y,

]

In this step, vy Y, _“?‘W-::J__t < 0

f

) 2.1
tov {4+ %39Y,

e n f(Yll"))
O A

1“(\{1:\)
et ¥, 1. Use 2 Newlon iterahons
. (112500 - 1)
Yos s T = 0y
14835 (1)
30
@) (0.24359 + 2.5 (0. 34399y ~1)
Yoo = 0y -

© 0.62139

1.5
14 845 (0. 34357)




Soluhon = dy cont,

Bakward  Euler method Step 2
15
‘2 = Y\ + h(_25\{l )
35
Y, = AR 7_\‘5\(:

Use 2 Newton ierahons fo solve for Yy

33 _
Y, + 20, - o6t = 0

h

In ths step, forp

' 9
Fogy = 4+ 835,
\<n

AR A i&z_“’

Fou)

let ¥¥ = 0.6, Use 2 Newton iteyahons,

33
(0.621314 + 250601 -0y
SR RO - = 049158
1443500621310
33
(0.4915% + 4115%) = 0.u21H
Y < o 4nose 2.500.4925%) ]

= = 046025
14835C04025%)

The, numenical solution of gé‘ =259 with yioy = using the backward Euler method
X

for 2 stepp with grid wnteral size b= Lo oses

Saluhon -e)

ansldanhﬂ i_:’( - _1533'5 with yco) =1 and usma Fre forward Euler method

wih grid nterval size he i

10
step 1 Yie, = Yiv hEOGND
Y, = Yo+ M9
= 4 -asY = -
Step 2 Y, =

Yy v sy

fr

: 30 .
1O -0 (1) = Sy L

The, humerice)  Soluhion bt comey omplex number afte 2 steps

usm&

the forward  Euler methed



|
F

Selahan - h

B Vasar it uone The forward Tuer metod rath 015 s stable but the soluhon . is

) ! number goluhon,
Cempity pdmbep weat anng h-tho yeidg fable and real solufion

mh%ﬁ_‘% sralis N 5 pecformed anly for linear differenhal equutions.

A%
35 , -
Trenthes . owe nud o bnmnze oy =019 ‘wﬂ\j 4y Taflor secies

& = s g0 f@s
_ 3
I o= -1g e (V- (333 st )

= ) w3t 1 . % 3 33 -
m&.m% e m‘ur& imir  for i—i = -SR5A Y T @50 using the forward Euler method

1

Lampars ey T e Sﬁﬁh&la\-ﬁ obtaired In solufon @), Yo shb‘l\i*t] Wi fs 0 < PR

So e s‘zm\wj tondifon Wio depends on e valug oF 'q" chose 1o linearize P funchie h



