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NM4PDEs  -  Exercises ODEs 

a) initial position t = 0 with Runge-Kutta with 2 and 4 steps 

Using Heun’s method 

𝒚𝑖+1 = 𝒚𝑖 +
ℎ

2
(𝑘1 + 𝑘2) 

𝒌𝟏 = 𝑓(𝑥
𝑖, 𝒚𝑖) 

𝒌𝟐 = 𝑓(𝑥
𝑖 + ℎ, 𝒚𝑖 + 𝑘1ℎ) 

Applied to a system of two equations equivalent to the second order differential equation 

𝑑2𝜃

𝑑𝑡2
+
𝑔

𝐿
𝜃 = 0 

𝑦1 = 𝜃 

𝑦2 =
𝑑𝜃

𝑑𝑡
 

This change of variables yields the system 

𝑑

𝑑𝑡
[
𝑦1
𝑦2
] = [

0 1
−𝑔 𝐿⁄ 0

] [
𝑦1
𝑦2
] 

with  
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𝒚 = [
𝑦1
𝑦2
] 

𝒇(𝑥, 𝒚) = [
0 1

−𝑔 𝐿⁄ 0
] 𝒚𝑖 

Applying Heun’s method with two steps ℎ = −0.5s 

 Step 1 

𝒌𝟏 = [
0 1
−9.8 0

] 𝒚𝑖  

𝒚𝑡=1 = [
0.4
0
] 

𝒌𝟏 = [
0 1
−9.8 0

] [
0.4
0
] = [

0
−3.92

] 

𝒌𝟐 = [
0 1
−9.8 0

] ([
0.4
0
] − 0.5 [

0
−3.92

]) = [
1.96
−3.92

] 

𝒚𝑡=0.5  =  𝒚𝑡=1 −
ℎ

2
(𝒌𝟏 + 𝒌𝟐)  =  [

−0.09
1.96

] 

 Step 2 

𝒚𝑡=0.5 = [
−0.09
1.96

] 

𝒌𝟏 = [
0 1
−9.8 0

] [
−0.09
1.96

] = [
1.96
0.882

] 

𝒌𝟐 = [
0 1
−9.8 0

] ([
−0.09
1.96

] − 0.5 [
0

−3.92
]) = [

1.519
10.486

] 

𝒚𝑡=0  =  𝒚𝑡=0.5 −
ℎ

2
(𝒌𝟏 + 𝒌𝟐)  =  [

−0.9598
−0.8820

] 

Applying Heun’s method with four steps ℎ = −0.25s 

Step 𝒚𝑖 𝒌𝟏 𝒌𝟐 𝒚𝑖+1 
1 [

0.4
0
] [

0
−3.92

] [
0.98
−3.92

] [
0.2775
0.98

] 

2 [
0.2775
0.98

] [
0.98

−2.7195
] [

1.6599
−0.3185

] [
−0.0525
1.3598

] 

3 [
−0.0525
1.3598

] [
1.3598
0.5143

] [
1.2312
3.8457

] [
−0.3763
0.8147

] 

4 [
−0.3763
0.8147

] [
0.8147
3.6882

] [
−0.1073
5.6843

] [
−0.4648
−0.3568

] 

 

b) Relative error 

𝑦1
𝑎(𝑡) = 𝐴 sin(𝜔𝑡 + ∅) 
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𝑑𝑡𝑦1
𝑎(𝑡) = 𝑦2

𝑎(𝑡) = 𝐴𝜔 cos(𝜔𝑡 + ∅) 

𝑑𝑡𝑡𝑦1
𝑎(𝑡) = −𝐴𝜔2 sin(𝜔𝑡 + ∅) 

𝜔2 = 𝑔/𝐿 

𝑦2
𝑎(𝑡 = 1) = 𝐴𝜔 cos(√𝑔/𝐿 + ∅) = 0 

∅ = (𝑛 +
1

2
)𝜋 − √𝑔 𝐿⁄         𝑛 = 0,1,2, … 

𝑦1
𝑎(𝑡 = 1) = 𝐴 sin(√𝑔/𝐿 + ∅) = 0.4 

𝐴 = 0.4 

𝑦1
𝑎(𝑡 = 0) = 0.4 sin ((𝑛 +

1

2
)𝜋 − √𝑔 𝐿⁄ ) = −0.399975 

𝜖 = |
𝑦1 − 𝑦1

𝑎

𝑦1
𝑎 | = |

−0.9598 + 0.399975

−0.399975
| ≈ 140% 

 

c) Time step h for error three orders of magnitude smaller 

Number of steps Error 𝜖, % 
2 140% 
4 16% 
8 2.2% 

10 1.1% 
 

 

 

a) Solve usgin Euler 

𝑌𝑖+1 = 𝑌𝑖 + ℎ𝑓(𝑥𝑖 , 𝑌𝑖) 
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Step i 𝑥𝑖 𝑌𝑖  𝑓(𝑥𝑖 , 𝑌𝑖) 𝑌𝑖+1 
0 0 1 2 1.5 
1 0.25 1.5 2.438 2.109 
2 0.5 2.109 2.859 2.824 
3 0.75 2.824 3.262 3.640 
4 1 3.640 3.640 4.550 

a) Compute using Heun with equivalent computational cost as in a). 

The computational cost in question a) is that of the evaluation of 𝑓(𝑥𝑖, 𝑌𝑖) for 4 times. 

The Heun method evaluates 𝑓(𝑥𝑖 , 𝑌𝑖) 4 times per time step. Therefore the equation must be 

integrated using the Heun method in one signle time step. 

𝑌𝑖+1 = 𝑌𝑖 +
ℎ

6
[𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4] 

𝑘1 = 𝑓(𝑥𝑖 , 𝑌𝑖) 

𝑘2 = 𝑓 (𝑥𝑖 +
ℎ

2
, 𝑌𝑖 +

ℎ

2
𝑘1) 

𝑘3 = 𝑓 (𝑥𝑖 +
ℎ

2
, 𝑌𝑖 +

ℎ

2
𝑘2) 

𝑘4 = 𝑓 (𝑥𝑖 +
ℎ

2
, 𝑌𝑖 + ℎ𝑘3) 

Step i 𝑥𝑖 𝑌𝑖  𝑘1 𝑘2 𝑘3 𝑘4 𝑌𝑖+1 
0 0 1 2 2.75 3.125 4.125 3.979 

 

𝑌1 = 3.979 

Analytically 

𝑦 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 

𝑑𝑦

𝑑𝑥
= 2𝑎𝑥 + 𝑏 

Substituting this two in the equation 

2𝑎𝑥 + 𝑏 = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 − 𝑥2 + 1 

𝑎 = 1    ;     𝑏 = 2    ;     𝑐 = 1 

𝑦(𝑥 = 1) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 4 

The Heun method acheives in one step a global error of 0.5% whereas Euler method acheives 

14% in 4 time steps. 

 

 



NM4PDEs – Exercises ODEs  Jaume Betran   2017/01/13 
  

5 of 9 
 

a) Deduce truncation error for forward Euler 

The Taylor series expansion reads 

𝑦(𝑥) = 𝑦(𝑥0) +
𝑥 − 𝑥0
1!

𝑑𝑦

𝑑𝑥
(𝑥0) + ⋯ 

For a finite step of 𝑥, ℎ 
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𝑦𝑖+1 = 𝑦𝑖 + ℎ
𝑑𝑦

𝑑𝑥
(𝑥𝑖) + 𝒪(ℎ

2) 

𝑑𝑦

𝑑𝑥
(𝑥𝑖) =

𝑦𝑖+1 − 𝑦𝑖
ℎ

− 𝜏𝑖(ℎ) 

𝜏𝑖(ℎ) =
𝒪(ℎ2)

ℎ
= 𝒪(ℎ) 

The method is consistent because 𝜏𝑖(ℎ) = 𝒪(ℎ)
     
→    0 when h

     
→    0 

b) State backward Euler to integrate the differential equation where f(x,y) is a general non-

linear function 

The backward Euler method is an implicit method 

𝑌𝑖+1 = 𝑌𝑖 + ℎ𝑓(𝑥𝑖+1, 𝑌𝑖+1)       𝑖 = 0,…𝑚 − 1 

𝑌0 = 1 

Given a step ℎ to increment 𝑥𝑖, and an initial condition at 𝑥0, 𝑌(0) = 𝑌0, the method 

proceeds for every step 𝑖 

1. Compute 𝑥𝑖+1 = 𝑥𝑖 + ℎ 

2. Solve for 𝑌𝑖+1 the implicit equation 0 = 𝑌𝑖 + ℎ𝑓(𝑥𝑖+1, 𝑌𝑖+1) − 𝑌𝑖+1 = 𝑔(𝑌𝑖+1) 

a. Guess a solution for 𝑌𝑖+1, for instance 𝑌𝑖+1
0 = 𝑌𝑖  

b. Compute the gradient 
𝑑𝑔

𝑑𝑌
(𝑌𝑖+1
0 ) 

c. Compute 𝑌𝑖+1
𝑗+1

= 𝑌𝑖+1
𝑗
− [

𝑑𝑔

𝑑𝑌
(𝑌𝑖+1
0 )]

−1
𝑔(𝑌𝑖+1) 

d. Check convergence 𝑌𝑖+1
𝑗+1

− 𝑌𝑖+1
𝑗
< 𝜀 

 

c) Deduce stability limits for forward Euler and backward Euler methods for the model 

equation 𝑑𝑦 𝑑𝑥⁄ = −𝜆𝑦 where 𝜆 is a positive real constant. 

Forward Euler 

𝑌𝑖+1 = 𝑌𝑖 − ℎ𝜆𝑌𝑖  

𝑌𝑖+1 = 𝐺𝑌𝑖    with   𝐺 = 1 − ℎ𝜆 

The scheme is absolutely stable if |𝐺| < 1 

Therefore, the forward Euler method applied to the model equation is stable for  

1 − ℎ𝜆 < 1    &    1 − ℎ𝜆 > 0
−1 + ℎ𝜆 < 1    &    1 − ℎ𝜆 < 0

} 

The method is conditionally stable because there are possible values of 𝜆 that breach this 

condition  

(0 < ℎ𝜆 < 1) ∪ (1 < ℎ𝜆 < 2) 
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d) Numerical solution with backward Euler 

𝑑𝑦

𝑑𝑥
= −25𝑦3.5 

𝑦(0) = 1 

h = 1/10 

Given a step ℎ to increment 𝑥𝑖, and an initial condition at 𝑥0, 𝑌(0) = 𝑌0, the method 

proceeds for every step 𝑖 

1. Compute 𝑥𝑖+1 = 𝑥𝑖 + ℎ 
2. Solve for 𝑌𝑖+1 the implicit equation 0 = 𝑌𝑖 + ℎ𝑓(𝑥𝑖+1, 𝑌𝑖+1) − 𝑌𝑖+1 = 𝑔(𝑌𝑖+1) 

a. Guess a solution for 𝑌𝑖+1, for instance 𝑌𝑖+1
0 = 𝑌𝑖  

b. Compute the gradient 
𝑑𝑔

𝑑𝑌𝑖+1
(𝑌𝑖+1
0 ) 

c. Compute 𝑌𝑖+1
𝑗+1

= 𝑌𝑖+1
𝑗
− [

𝑑𝑔

𝑑𝑌
(𝑌𝑖+1
0 )]

−1
𝑔(𝑌𝑖+1) 

d. Check convergence 𝑌𝑖+1
𝑗+1

− 𝑌𝑖+1
𝑗
< 𝜀 

Step 𝑥𝑖 𝑌𝑖  iter 𝑌𝑖+1
𝑗

 𝑔(𝑌𝑖+1) [
𝑑𝑔

𝑑𝑌
(𝑌𝑖+1
0 )] 

 

𝑌𝑖+1
𝑗+1

 

0 0 1 0 1 -2.5 -9.75 0.7436 
   1 0.7436 -0.6299 -5.1720 0.6218 
   2 0.6218 -0.0957 -3.6676 0.5957 

1 0.1 0.5957 0 0.5957 -0.4079 -3.3965 0.4756 
   1 0.4756 -0.0654 -2.3650 0.4480 
   2 0.4480 -0.0027 -2.1752 0.4467 

 

e) Numerical solution with forward Euler 

𝑌𝑖+1 = 𝑌𝑖 + ℎ𝑓(𝑥𝑖 , 𝑌𝑖) 

𝑌𝑖+1 = 𝑌𝑖 − 25ℎ𝑌𝑖
3.5 

Step 𝑥𝑖 𝑌𝑖  𝑌𝑖+1 
0 0 1 -1.5 
1 0.1 2 NA 

 

The square root of a negative real yields a Not a Number error. Apparently, this method has 

proofed not to be stable for this equation 

f) Maximum stable interval size 

The method is stable only for intervals h = 1/30 and smaller. 
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a) Reduce to first order ODEs 

𝑦1
′ = 𝑦2 

𝑦2
′ = −𝜔2𝑦1 

With initial conditions 

𝑦1(0) = 0 

𝑦2(0) = 𝜔 

b) set 𝜔2 = 3 and compute using forward Euler 
𝐘𝑖+1 = 𝐘𝑖 + ℎ𝐟(𝐱𝑖, 𝐘𝑖) 

Step 𝑌1,𝑖 𝑌2,𝑖 𝑌1,𝑖+1 𝑌2,𝑖+1 

0 0 1.7321 0.4330 1.7321 

1 0.4330 1.7321 0.8660 1.4073 

2 0.8660 1.4073 1.2178 0.7578 

3 1.2178 0.7578 1.4073 -0.1556 
 

c) compute using forward Euler with 8 steps and estimate the step size required to 

obtain a numerical solution with three significant digits 

𝐘𝑖+1 = 𝐘𝑖 + ℎ𝐟(𝐱𝑖, 𝐘𝑖) 

Step 𝑌1,𝑖 𝑌2,𝑖 𝑌1,𝑖+1 𝑌2,𝑖+1 

0 0.0000 1.7321 0.2165 1.7321 

1 0.2165 1.7321 0.4330 1.6509 

2 0.4330 1.6509 0.6394 1.4885 

3 0.6394 1.4885 0.8254 1.2487 

4 0.8254 1.2487 0.9815 0.9392 
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5 0.9815 0.9392 1.0989 0.5711 

6 1.0989 0.5711 1.1703 0.1590 

7 1.1703 0.1590 1.1902 -0.2798 
 

The Global error is 

𝐸 = 𝐶ℎ𝑝+1 

For the 4 steps and 8 steps methods 

𝐸4 = 𝐶ℎ4
𝑝+1

 

𝐸∗ = 𝐶ℎ∗𝑝+1 = 𝑇𝑜𝑙 

ℎ∗ = (
𝑇𝑜𝑙

𝐸4
)
1/(𝑝+1)

 

The error made with 4 steps can be estimated by comparing the results with 4 steps with the 

results obtained with 8 steps. Then, 

ℎ∗ = (
0.0001

0.2798 − 0.1556
)
1/2

= 0.028 

A step size ℎ = 0.025 to make it a divisor of the total time 𝑡 = 1. 

Using this step size for 40 time steps the following table of results is obtained. 

Step 𝑌1,𝑖 𝑌2,𝑖 𝑌1,𝑖+1 𝑌2,𝑖+1 

0 0.0000 1.7321 0.0433 1.7321 

1 0.0433 1.7321 0.0866 1.7288 

2 0.0866 1.7288 0.1298 1.7223 

3 0.1298 1.7223 0.1729 1.7126 

…     

36 1.0342 0.0232 1.0348 -0.0544 

37 1.0348 -0.0544 1.0334 -0.1320 

38 1.0334 -0.1320 1.0301 -0.2095 

39 1.0301 -0.2095 1.0249 -0.2868 

 


